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_-[26 INFORMATION THEORY 

\\'it A.6 · A change that tends in the following sense to equalize a set of prob
abilities p1, ••• , p111 always results in an increase in uncertainty: 

Suppose P1 > p 2• Define 
Pl' =Pl- D.p 

P2' = P2 + 4 
where D.p > 0 and p1 - D.p ?: p2 + D.p. Show that H(p1', ~ •• , fl?•/) > 
H(pl, , · · , Pl'rl). 

1.7 (Feinstein 1958). Let A = [aii] be a doubly stochastic matrix, that is, 
aii?: 0 for all i,j; 2;j•!,1 a11 = 1, i = 1, ... , M; 2:f!:1 a11 = l,j = 1, ... , lvf. 
Given a set of probabilities Pl• ... , hri• define a new set of probabilities p 1', ••• , 

h./by 
l'rl 

p/ = 2,aiiPi• i = 1, 2, ... , M. 
i=l 

Show that H(Pt'• ... , h./) ?: H(p1, • •• , PM) with equality if and only if 
(Pt', ... , p1l/) is a rearrangement of (p1, ••• , p1v1). Show also that Problem 1.6 
is a special case of this result. 

1.8 Given a discrete random variable X with values x 1, .• ;''. , xilb define a 
random variable Y by Y = g(X) where g is an arbitrary function. Show that 
H(Y) ~ H(X). Under what conditions on the functiong will there be equality? 

1.9 Let X and Y be random variables with numerical values xv ... , x.;~1 ; 

y1 , • •• , YL respectively. Let Z = X+ Y. 
a. Show that H(Z I X) = H( Y I X): hence if X and Y are independent, 

Ii(Z I X) = H( Y) so that H( Y) ~ H(Z), and similarly H(X) ~ H(Z). 
b. Give an example in which H(X) > H(Z), H( Y) > H(Z). 
1.10 Prove the generalized grouping axiom. 

H(pl, · · • •Pr1 ;Pr1+1> · · · •Pr2; · · · ;prk-t+l> · · · •PrJ 
= H(pl + · · · + Pr1•Pr1+1 + ... + Pr2 • • • • •Prk-t+l + ... + Prk) 

+ ~ (Pr;_
1
+l + · · · + Pr)H ( P~-t+l ' ..• ' ii .) 

t=l P; P1 
i=Ti-t+l i=r;-t+l 

1.11 Show that if h(p), 0 < p ~ 1, is a continuous function such that 
2,i'!1 p1h(pD = -C2,i'!1 p1 logp; for all M and all Pl• ... •Plll such that 
p; > 0, 2,!tP; = 1, then h(p) = -C logp. 

/1.12 Given a function h(p), 0 < p ~ 1, satisfying 

a. h(p1p2) = h(Pt) + h(p2), 0 < P1 ~ 1, 0 < p 2 ~ 1. 

b. h(p) is a monotonically decreasing and continuous function of p, 0 < p ~ 1. 
Show that the only function satisfying the given conditions is h(p) =-Clogbp 

where C > 0, b > 1. ' 

Our first application of H 
will be to the problem of 1 

"noiseless" channel, that is 
input to output. Thus wed 
our only concern is to maxi 
over the channel in a given 
to be transmitted are generl 
.rr, .. '. , x"11 • A noiseless ch 
that accepts an input from 1 

and reproduces the input 
error. (The formal definiti< 
until Chapter 3; it will not 
communicated properly, ea 
symbols chosen from the sel 
code characters to each x. 
Since the problem of erro; 
cation would involve transm 
time. If the rate at which th~ 
fixed, the requirement of effi 
as short as possible. In cai 
cation, the average length of 
which >ve choose to minimiz 

To summarize, the ingred1 

1. A random variable X 
abilities PI, ... , p M respecti, 
and over again, thus genera1 
the set {x1 , ••• , x 111}; such~ 

2. A set {al, ... 'an} cal 
alphabet; each symbol x

1 
i 

characters called the code IV( 

~orrespond to ala2, and x2 t< 
ts called a code. The code w 



<) DISCRETE SCHEMES Wl'rHOU'r MEMORY 

@Jttm'Iem. Tl roblem undertaken in this section is the evaluation of 
the mn.ximum ,v.te of transmission of information of binary channels. 

The source tmnsmits independently two sym~ 
o ~ .. 0 bolR, sny 0 aml 1, wiLh respective probabilities 

P1 and 1h The channel characteristic is known 
as (see Fig. 3-17) 

n 

:c 
Cc1,c(. M "'J ;y· 

[
Pil P12J 

, P21 P22 1 12z 

Fw. 3-17. BC. In order to evaluate the capacity of such a 
channel, when the entropy curve is available a simple geometric procedure 
can be devised (see Fig. 3-18). 

The points A1 and Az on the segment OM are selected so that 

MA1 = Pn OA2 = P22 

The ordinates of the entropy curve at A1 and A2 are 

B1A1 = II(pn) B2A2 = H(pz2) 

Now, for any given channel output probabilities such as OA = p and 

f 
H(pu) 

A~ 

Fro. 3-18. A geometric determination of different entropies, transinformation, and 
channel capacity of a BC. 

MA = i - p, where p is the probability of receiving 1, the transinfor-
mation can be geometrically identified. Iri fact, · 

I(X;Y) = H(Y) - H(Y\X) 
I(X;Y) = II(p) - plli(pu) - p2li(p22) 

I(X;Y) = B1i- FA 

Of course, the point A corresponding to the desired mode of operation is 
not known. A glance at Fig. 3-18 suggests that the largest value of 
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transinformat.ion 1s obtained when the probnbilit.ics n.t. f ·ccciving; end 
arc rcprcscnl;cd by point A .. ,t corrm;ponrling to point B,,1• The bngrnt 

of the entropy curve :1t point Bopt is pnra.llcl to B 1B2• At B",J~Jw vc~·;icn.l 
scgmen L- rc1~rr.scnting- the {,;nn::;i nforill;;L~(-;-!;·-;tRR1-il;cR i Cs hrgr.Rt v:tl 110. 

The corresponding source probabilities can be dcrivccl inn direct m:mnrr. 
·-·-·---·---------~----- --- ... ·-·-·-·-~- .. __ .._ ________ ..,.. __ .... 

~ 

(6{ ~-
fV"'~1 .. v) 

1 /'1.-'2 /( 17£ 

<. 



J.Ot ::F7A7/Y7/I 7/i.i 11, :< 1 11 J 11 a' 

0.8 f!J-1..,.1~h/---:tf 

p22 

0.4 F---7+-/"f---t~-+---+7'- 1 / /r---++---1-1-1 

0.21~ I L::::::---.-r i I ::A~ I '~ 

o~~--~--~~-~~~~-~--~--~~ 
0 0.2 0.4 0.6 0.8 1.0 

Pu 

A chart for determining values of Q, in terms of P!l nnd P 22 for binnry 
channels. The corresponding vulm~ of Q 2 is obtained by n.n interchange of P 11 and P 22• 

2 
:0 
C;J 

1.0 r---.--,---,-----,---,--~-,r-~-~~ 

l~ I I _Lj __ _L ___ L J_ J _\ A 
j\ I_ J J I I I I _I I I I 

0.4 I 

0.2 

(, 0 k::::....J......::::::::b-...:l~~~~!=.:::::=;;:r__.d::::::::_l........:::::, 
0 0.2 0.4 0.6 0.8 1.0 

Pu 

Capacity of a binary channel in terms of Pn and Piz. 
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THIS PROGRAM COMPUTES THE CHANNEL CAPACITY OF AN NXN CHANNEL WHEN 
THE CHANNEL (CONDITIONAL PROBABlLITVl MATRIX PIB/Al IS KNOWN. 

THE CHANNEL CAPACITY IS DETERMINED USING MUROGA'S TECHNIQUE, 

THE SYSTEM OF LINEAR EQUATIONS THAT IS GENERATED ~y THIS TECHNIQUE 
IS SOLVED BY MEANS OF A GAUSS-vORDAN REDUCTION• 

**************************** WARNING ***********************~*** 

ONE MUST ARRANGE THE ROWS OF THE CHANNEL !CONDITIONAL PROBABILITY) 
MATRIX P!B/Al SO THAT THE MAIN DIAGONAL ELEMENTS ARE NON-ZERO, 
REARRANGING THE ROWS DOES NOT AFFECT THE VALUE OF' THE CHANNEL 
CAPACITY AND HELPS TO INSURE THAT THE GAUSS-JORDAN REDUCTION 
\:JILL YIELD Tt-:E PROPER SOLUTION TO THE S1!'SiEM OF LINEAR EQUATIONS. 

***********************************$****~•*•*******~**~~*•*¥~**~*~ 

THE CHANNEL !CONDITIONAL PROBABILITYI MATRIX PIB/AI IS READ IN ~T 
ROWS•l•EooA!lo~loAilr2l•••••Ail•Nl•A!2•llrA12r2l•·•••AINrN)o 

N 

EPS 

DEFINITION OF VARIABLES 

DIMENSIONINI OF THE NXN CHANNEL MATRIX P(8/P.l 

PARAMETER FOR CI~CKING THE SINGULARITY OF THE 
COEFFICIENT MA"fRIX 

I 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 

c 

A(! I.J] 

sut-1 

MAGIC 

ELEr~OH IN THE lTH RO~ AND J"!"H COLUMN OF THE CHIINNEL 
fiATR!X 

ELO-IENT lN THE IJ+llTH COLUMN OF THE AUGMENTED CHANNEL 
MATRIX,ISUM: !1.0/ALOGI2·ll*IA1l•li*ALOGIAIIrlll + 
AIIr2l*AL0G(A(lr2JJ + ••• + A{l,Nl*ALOGIAIIrNI)) 1 

FACTOR FOR CONVERTING LOGARITHMS TO THE HI\SE 2 TO 
LOGARITHMS TO THE BASE EoiMAGIC: IILOGI2oll 

C CHANNEL CAPACITY !C: MI\GIC•AL0Gt2••XIll + 2*•XI21 + ••• 
+ 2UX(Nl l )WHERE Xlil IS THE ELE~1ENT IN THE ITH ROW 
&tJ+ltTH COLUMN OF THE SOLUTION MATRIX 

DIMENSION A!SOr51l 
RU.L MJ!.i;!C 
MAGIC = (1./0,59315) 

THE MATRIX WHICH IS READ IS THE CHANNEL MATRIX AND THE ELEMENTS ARE 
READ IN BY ROl-lS 

WR!TEI6•398l 
398 FORr"A T! '1 1 l 

READISrlOOlN•EPS 
100 FORMATII~•ElO.SI 

i'~P 1 = N + 1 
WR!TEI6r5091 

509 FOR,',ATI/1 
WR!TEI6r'l05l 

'105 FORMATI15Xr•~••'•3,Xr'***'•ll5X•'*'r38Xr'•'•ll5Xo'*'•38X•'•'l 
DO 2 I:l,N 
SUM : 0.0 
READ!SrJ.01J IAO•Jl ,J:lrNl 
DO 3 J:l,N 

101 FORMAT(4E20.8l 
IFIA!Ir~l) ll.fr3r~ 

'I SUM : A!I•Jl•MAGIC•ALOGIAII,Jil + SUM 
3 CONTINUE 

A!ItN+ll = SUM 
WRITEior20ll(AIIrJitJ: l•NPll 

201 FORMATI17Xr5F7,3/l 
2 CONTINUE 

WRITE (6r <!171 
'117 F0Rt~ATU5Xr '*' r38X, '*'115Xr '*' t38Xr '"''/15Xt '**"'' •3'+X•'***' I 

WRITEl6•509J 
!<!RITE!6rl!lll 

~11 FORMATI23X• t AUGf·IENTED CHANNEL MATRIX• l 
WRITEI&r209l 

209 FORMAT (I Ill 
BEGIN GAUSS-JORDAN REDUCTION 

DETER = 1.0 
DO 9 K=lrN 
DETER : DETEReAIK•Kl 
!FIDABS!A!KtK)l.GT.EPSl GO TO 5 
WRITEI6r202l 
GO TO 111 

202 FORMAT! 8Xo 1 PIVOT ELEMENT SMALL- MATRIX MAT BE SINGULAR•! 
. 5 KPl : K+l 

DO & J =KPlrNPl 
6 AIK,Jl : AIKrJl/AIKtKl 

AIK.rKl : 1. 
DO 9 I : ltN 
IFti.EQ.K,OH.A!IrKJ.EQ,Q,) GO TO 9 
DO 8 J : KPloNPl 

5 A(l,J): AIIrJJ - AII•Kl•AIKrJl 
A(!tKl:o. 

9 CONiiNUE 
\".H!iEior!fOSl 
DO .tO I : lrN 

10 WRI!E(6•201JIAilrJ)rJ:loNPll 
WRITEI6•~·17l 
WRITE!6r509J 
WRXTEt61l~12l 

~12 FOR~ATI25X••SOLUTION MATRIX FOR X'l 
WRITEI&o209) 

c 

c 
c 
c 

c 

c 

f'roD.'GnJ:; 

203 FORMAT<E20o8:10Xrl'lr10Xrl'+l 
CALCULATION OF CHANNEL CAPACITY 
SliMX:Q,Q 
00 12 I=l•N 
SUMX : 2,•oAIIrNP1J+ SUMX 

12 CONTINUE 
[FISUMXI1'+•15rl~ 

15 c=o.o 
GO TO 16 

14 C : MAGIC*ALOGISUMXl 
16 CONTINUE 

i>!RlTEI6•Lt.l3) C 
413 FORMAT( 8X,•C: LOG2 I 2**XIll + 2••XI2J + ••• + 2'"*X(NJ 

l•rF6.3J 
111 STOP 

END 

INPUT OA TA FOR EXM'lPLE PROBLEM 

'+1.00000-10 

·25000000+00 

*""' • • 

" • .... 

.... 
"' 
'" 

.. 
"' 
"'"'" 

.sooooooo+oo 
1.0 

·25000000+00 

1.o 
.33333333+00 

..... 
"' • 

.250 .sao .250 .coo -1·500 

.ooo 1.ooo .ooo .ooo .ooo 

.coo .ooo 1.000 .ooo .ooo 

.ooo .333 .ooo .&1)7 -·916 

* 
" .... 

AUGMENTED CHANNEL MATRIX 

••• 
* • 

1.000 .ooo .ooo ,QQO -o·OOO 

.ooo 1.000 .ooo .ooo .ooo 

.ooo .ooo l. 000 .ooo .ooo 

.ooo ,QOO .ooo 1.ooo -1.377 

• 
• ..... 

SOLUTION MATRIX FOR X 

C = LOG2 ( 2'"*XIll + 2•~XI21 + ••• + 2•*X(Nl = 

fJ/ 

= 

.6666&667 

1·21'>3 
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THIS PROGRAM DECODES A HUFFMAN CODE USING A GIVEN TABLE 
AND THE TREE SEARCH METHOD 
******************************************************* 
PROB, •LETTER•HUFF, CODE * PROB. *LETTER*HUFF, CODE 
******************************************************* 
0~* SPACE• 000 * 0.0574• N * 1001 
0,0642* A * 0100 * 0.0632* 0 * 0110 
o.o121• B * 011111 * o.o152* P * 011110 
~.0218* c * 11111 • o.ooo8• Q * 0111001101 
0,0317* D * 01011 * 0.0484* R * 1101 
0.1031• E * 101 * 0.0514* S * 1100 
0.0208* F * 001100 * 0.0796* T * 0010 
o.o152• G * 011101 * o.o228• u * 11110 
0.0467• H * 1110 * 0.0083* V * 0111000 
o.o575• I * 1000 * o.o175• w * 001110 
O,Q008• J * 0111001110 * 0.0013* X * 0111001100 
o.oo49• K * 01110010 • o.o164* Y * 001111 
o.o321• L * 01010 * o.ooo5• z * 0111001111 
0,0198* M * 001101 * AVERAGE LENGTH : 4.1195 
******************************************************* 

THE ABOVE TABLE WAS TAKEN FROM THE FOLLOWING REFERENCE 
REFERENCE: REZA• •AN INTRODUCTION TO INFORMATION THEORY• 

~,J-g 
stc.11 

MCII IS THE BINARY BIT CO OR 11 BEING OBSERVED I=1•2r--L 
YCJI IS THE ALPHABET LETTER COR SPACE! BEING FORMED FROM 
THE CODE. 

DIMENSION MC320l•YC100l 
READC5r99980lL 
FORMATCI3l 99980 

999'81 
9998'2 

99983 

99984 

99985 

99001 
99002 

99003 

1 
11 

21 

READC5r99982l CMCII•I=1•Ll 
FORMATC60Ill 
WRITEC6o99983l 
FORMAT('1'•'THE MESSAGE TO BE DECODED IS:•;l 
WRITEC6r99984l CMCII•I=1•Ll 
FORMAT(• '•60I1l 
WRITEC6,99985l 
FORMATC•0••23X,•I'•5Xo'J'o5X,•Y(Jl•l 
N=L+1 
r=o 
J:Q 
GO TO 99003 
WRITEC6r99002lirJrYCJl 
FORMAT(• 'r21Xri3r5Xrl3o5XoA1l 
IFCI.EQ,LIGO TO 99991 
IFCI,GT,LIGO TO 99989 
I=I+1 
J=J+1 
IFCMCil,EQ,1lGO TO 12 
I=I+1 
IFCI.EQ,N)GO TO 99989 
IFCMCII,EQ,1JGO TO 22 
I=I+1 
IFCI,£Q,NIG0 TO 99989 
IFCMCII.EQ,1JGO TO 32 

~&-



758 I=I+1 GO TO 99001 
IFII.EQ.NlGO TO 99989 

~ 
2 1=1+1 

IFIMIIl~EQ,1lGO TO 8116 IFII.EQ,NlGO TO 99989 
8115 Y!Jl:•K• IFIMIIl.EQ,1lGO TO 24 

GO TO 99001 23 1=1+1 
8116 1=1+1 IFII.EQ,NlGO TO 99989 IFil.EQ,NlGO TO 99989 IFIM!Il,EQ,1)GO TO 36 

IFIMIIl.EQ,1)GO TO 9232 35 1=1+1 9231 I=I+l IFII.EQ,NlGO TO 99989 IFII.EQ,NlGO TO 99989 IFIMIIl.EQ,1lGO TO 410 
IFIMIIl.EQ,1lGO TO 10462 409 YCJl:•It 

10461 Y!Jl:•X• GO TO 99001 
GO TO 99001 36 Y.IJl:•E• 

10462 Y!Jl:•Q• GO TO 99001 
GO TO 99001 410 YIJ):•N• 

9232 I=I+1 GO TO 99001 
lFCI.EQ,NlGO TO 99989 24 1=1+1 
lFIM(Il,EQ,1lGO TO 10464 IFII.EQ,NlGO TO 99989 

10463 Y!Jl=•J• IFIM(Il,EQ,1lGO TO 38 
GO TO 99001 37 I=I+l 

10464 Y!Jl:•z• IFCI.EQ,NlGO TO 99989 
GO TO 99001 IFIMIIl.EQ,1lGO TO 414 

516 1=1+1 413 YIJl:•S• 
IFII.EQ,N)GO TO 99989 GO TO 99001 
lFIMIIl,EQ,1lGO TO 632 414 YIJl:•R• 

631 YIJl:•P• GO TO 99001 
GO TO 99001 38 I=I+1 632 YIJ):•B• IFil.EQ,NlGO TO 99989 GO TO 99001 1FIM!Il.EQ,1)GO TO 416 32 I=I+1 415 YIJl:•H• IFII.EQ,NlGO TO 99989 GO TO .99001 
IFIMIIl,EQ.1lGO TO 404 416 1=1+1 403 Y!Jl:•T• IFCI.EQ.NlGO TO 99989 GO TO 99001 IFIMIIl,EQ,1lGO TO 532 404 1=1+1 531 YIJl:•U• 
IFCl.EQ,NlGO TO 99989 GO TO 99001 IF!M(Il,EQ,1)GO TO 508 532 Y<Jl:•C• 

507 1=1+1 GO TO 99001 
IFCI.EQ,N)GO TO 99989 22 1=1+1 
!F(M(Il,EQ.1lGO TO 614 lFII.EQ,NlGO TO 99989 

613 YCJl:•F• IF<M<Il.EQ,1lGO TO 34 
GO TO 99001 33 1=1+1 

614 Y<Jl:•M• IFII.EQ,NlGO TO 99989 
GO TO 99001 IFIM!Il.EQ,1)GO TO 406 

508 I=I+1 405 Y!Jl:•A• 
' IFII.EQ,NlGO TO 99989 GO TO 99001 

IFIMCil.EQ,1lGO TO 616 406 1=1+1 
615 YCJ):•W• IFCI.EQ.NlGO TO 99989 

GO TO 99001 IFIMCil,EQ,1lGO TO 512 
616 Y!Jl:•Y• 511 YIJl:•L• 

GO TO 99001 GO TO 99001 
99989 WRITE(6,99990l 512 YIJ):•D• 
99990 FORMATI•o•,•THIS IS NOT A VALID ENCODING OF A MESSAGE•! GO TO 99001 

GO TO 99999 34 1=1+1 
99991 WRITE I 6, 99992 l IFCI.EQ,NlGO TO 99989 
99992 FORMATI•0•/1/l IFIM(Jl,EQ~1lGO TO 408 

WRITEI6o99993l 407 YCJ>=•o• 
99993 FORMATI•O'•'THE DECODED MESSAGE IS:•/) GO TO 99001 

K=J 408 1=1+1 
WRITEC6o99994l (Y!Jl •J=1•Kl IFCI.EQ.N)GO TO 99989 

99994 FORMAT!' •o60All IFIM(Il.EQ,1lGO TO 516 
99999 STOP 515 1=1+1 

END IFCI.EQ,N)GO TO 99989 
IFIM(I),EQ,1lGO TO 630 

629 1=1+1 
306 IFII.EQ,NlGO TO 99989 
010001111111111000010111010011000000111011110100000001110011 IFIMCil.EQ,1lGO TO 758 
100111001001010000001101100101100000111100111001101110100011 757 Y<J>=•v• 
000010111100000111000001110011100110000000111101110011110000 GO TO 99001 
000111001111001111000011100110000111001110000001111000101100 630 Y(Jl:•G• 
0001101U11100110101111000001l0100l00110100001010011100100111 GO TO 99001 
001110 
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GI)Ol 
OU02 
0003 

0004 
\J LOS 
0006 
ouo I 
UU08 
CU09 
UOlO 
0011 
U012 
UU13 
0014 
UUl5 
vJlo 
OG17 
U iHB 
0019 
vu<::u 
UJ2l 
0 022 
1J a 2 3 
0024 
U025 
UU2b 
0027 
uoze 
(j 02 9 
uQJO 
oo:n. 
0032 
OCJJ 
uOJ4 
0035 
(}()36 

0037 
uu38 
0039 

~~ OA . .O 
v (Jlt l 
0042 
0043 
0044 
GG45 
00<16 
OC4l 
U041:l 

i.J 0'1·9 
0050 
i.l 0 51 
uJ52 
UC53 
U054 
OOS5 
OC:i6 

Dlfv'cNSICf\ MUZO) 
INTEGER Y( 100) 7 1-\LPHA(27) 
o ;rr ~\ A L r 1-1 A 1 • • , ' A • , • B • , • c • , , , t • G • , • H • , ~ r • ; lJJj' ; 
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Coding and its application 
in space contm.unications 
Once regarded as purely academic, coding theory 

.tt the IEEE Wint" 
170, 

has turned out to be eminently practical for the modern 
applications of space channels 

rungssich··-··~it V(41 

If, 110. 1 .. 29) 

G. David Forney, Jr. Codex Corporation 

J 

Bel ween 1948-when Shannon first proposed his 
earned the Dip!. basic theorems on information theory-and the start 
electrical-powe• of the space age, little practical application developed 

)m the Technical 
,(uttgart, Federal from the lessons of coding theory. This article pre-
ermany, in 1951J sents an overview of the Shannon theorem, interesting 
joined the Ham· ; practical codes, and their application to the space 

ectricitiits-Werke I' channel. It turns out that a simple encoder in combi-
e evaluator. ~n nation with a decoder of modest complexity placed 
.:rred to the u!ll· . d . . . 
Department and mto an unco ed commumcat10ns system can mcrease 
~he development l the data rate by a factor of four or more depending on 
:age system. In ' the coding scheme and the allowable error rate. Use 
1gencies of over- of a convolutional code with sequential decoding has 
development of • • 
ms. Mr Meinett proved to be the outstanding scheme for these appll· 
, that is.respons· cations. It appears that, in the future, coding will find 
·,uclear plant. a place in most new digital space communication sys

tems. 
welt joined the 

Electrictats· 
mburg, Fedetal 
rmany, after re· 
. lng. degree in 
eering from the 
t·rsity of Berlin 
1957. His duties 
have involved 

low-voltage in· 
:twork, the up· 
'V und\ uno 
nent 01 ,pply j 
,orking on tne I 
,nning, reliabil l,l 

member of the 
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Coding theory has a history no doubt unique among 
engineering disciplines: the ultimate theorems came first, 
practical applications later. For many years after Shan
non's announcement of the basic theorems of information 
theory in 1948, the absence of any actual realization of the 

, exciting improvements promised by the theory was a 
\ource of some embarassment to workers in the field. 
A standard feature of IEEE Conventions in this period 
\las a session entitled "Progress in Information Theory," 
or something similar, in which the talks purporting to 
>how that the theory was approaching practical applica
tion tended instead to confirm the prejudices of practical 
men that infom1ation theory would do nothing for them. 

IEr spectrum JU~E 1970 

In retrospect, there were two principal reasons for 
this lag. First, Shannon's coding theorems were existence 
theorems, which showed that within a large class of 
coding schemes there existed some schemes-nearly all, 
actually-that could give arbitrarily low error rates at 
any information rate up to a critical rate called channel 
capacity. The theorems gave no clue to the actual con
struction of such schemes, however, and the search for 
coding techniques capable of remotely approaching the 
theoretical capacity proved so difficult that a folk theorem 
was proposed: "All codes are good, except those we can 
think of." 

Second, the channels of practical interest-telephone 
lines, cable, microwave, troposcatter, and HF radio
proved not to have anything like the statistical regularity 
assumed in the proof of the coding theorems. In fact, 
most theorems are based on the assumption of statistical 
independence in the noise affecting each transmitted 
symbol, whereas on the channels just cited disturbances 
tend to be manifested in bursts spanning many bits. 
This is to say nothing of other anomalies that arise in 
practice, such as a channel described at a recent infor
mation theory symposium as "a very good channel, 
with errors predominantly due to a noisy Coke machine 
near the receiver." 

Over the past decade, the situation has improved 
tremendously. The problem of finding workable coding 
schemes has been recognized to be fundamentally a 
problem of finding decoders of reasonable complexity. 
The solution has been sought in considering classes of 

47 
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(One mput each 
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y(t) ~a a(t) cos [wet + 8 + l/J(t)] + n(t) 

FIGURE 1. Amplitude modulation on a satellite channel. 

FIGURE 2. Discrete-time channel model. 

Channel ' Correlator 

codes so structured that efficient decoding becomes years or so. For this reason, as well as the pedagogical 
feasible (but not so much structured that the codes neatness of the white-Gaussian-noise channel, this article 
themselves are no good). The most popular approach has <' uses the space channel for both orientation and motiva
been to use the structures of abstract algebra to generate ~~n. We shall say little about the literally more mundane 
classes of good, decodable block codes. A second ap- ~~annels mentioned earlier, for although applications of 
proach uses linear sequential circuits to generate a class c~oding have also been increasing in those environments, 
of codes that are called convolutional; at least for the th schemes used are much more ad hoc, and more than 
applications to be discussed here, convolutional codes q alitative predictions about behavior on real channels 
seem to have better balance between structure and ran- rf rely can be made. 
domness than is capable with the perhaps too-structured / 
block codes. ;The space channel 

.-/ A second major development of the last decade has' The model of the space channel that we shall use reflects 
been the emergence of the space channel into practical all the significant characteristics of the channel, without 
importance, both in the requirements of NASA for some details important only in practice; it is illustrated in 
efficient transmission from deep-space probes, and in the Fig. 1. An amplitude-modulated carrier 
proliferation of earth-orbiting communications satellites. 
The remarkable characteristic of the space channel is that, 
within the sensitivity of tests performed to date, it appears 
to be accurately modeled as a white-Gaussian-noise 
channel. Anyone who has ever taken a statistical subject 
knows that white Gaussian noise is the archetype of 
statistically regular, nonbursty noise, and as such is the 
theorist's dream. Consequently, in considering possible 
schemes for the space channel, one may use the most 
profound theorems, the most subtle analyses, and the 
most accurate simulations. One is also able to propose 
the most sophisticated and powerful decoding procedures, 
and predict performance to the accuracy of a fraction 
of a decibel. The initial successes of coding on the space 
channel have led to its incorporation in all space-system 
designs (of which the author is aware) in the last two 

x(t) = a(t) cos (wet + 0) 

is generated aboard a satellite and transmitted to an 
earth antenna. (Frequency and phase modulation are 
also used, but not as often as AM, and offer no advantage 
in principle.) The model still applies when the signal 
actually originates at another grou_nd station and the 
satellite is only a repeater, since the power available on 
the ground is so much greater than that aboard the satel
lite that the uplink may be considered perfect in most 
cases. The received signal 

y(t) = aa(t) cos [wet + 0 + 1/t(l)] + n(t) 

is subject to several principal disturbances: 
1. Simple attenuation a due to distance (assumed 

perfectly linear). The received signal power is denoted P. 

IEEE spectrum JUSE 1970 
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2. Additive white Gaussian noise n(t) arising in the 
receiver front end, with single-sided spectral density N0 • 

3. Phase variations 1/;(1) due to imperfect tracking, 
uncompensated Doppler shifts, an unstable carrier 
oscillator, and so forth. In the applications with which the 
author is familiar, with the carrier we in S band, the phase 
variations are the only important departure from the 
ideal white-Gaussian-noise model, and make themselves 
felt at low data rates by frustrating perfectly coherent 
demodulation. On a NASA mission with a terminal of the 
Goldstone type, phase variations can be kept to a few 
hertz or less, and are unimportant u .• less the bit rate is of 
the order of 10 bits per second or less. However, in some 

l 
military applications where the receiver is aboard a plane, 
ship, jeep, or other moving platform, "low" data rates 
may be as high as 75 to 2400 bjs. We shall assume here

( after that we are at high enough rates that essentially 
l perfect phase tracking and coherent demodulation can 

I be maintained. 
, It will also be assumed that the information to be 
' twnsmitted is already in digital form, leaving totally 

aside the kind of coding (source coding) that is concerned 
with efficient representation of the information in bits. 
(The gains from efficient source coding may be expected 
to equal or exceed those claimed in the following for 
efficient channel coding. The best techniques of the infant 
field of data compression are, however, even more ad hoc 
than those for channel coding on bursty channels.) The 
information rate will be denoted as R bjs. 

When a communications system can pass R informa
tion bits per second over a white Gaussian channel on 
which the received power is P and the noise density 
N0 , with some acceptable quality, we say that the system 
is operating at a signal-to-noise ratio per in/ormation bit 
En N 0 = P/N0 R. This dimensionless parameter then 
serves as a figure of merit for ditTerent coding and modula
tion schemes. Note that it incorporates any effective 
pc·wer loss due to coding redundancy. A system designer 
who simply wants to select a communications scheme to 
get the most data rate for a given power and receiver 
noise temperature, or to use the least power for a fixed 
data rate, will pick the scheme that can operate at the 
lowest Eb/No with adequate quality (if he can possibly af
ford it). 

An appropriate modulation technique, and the only 
one we shall consider, is pure time-discrete, N-level 
amplitude modulation. By this we mean that the modu
lating waveform a(t) can only change at discrete inter
vals r seconds apart, and during any r-second period, 
sometimes called a baud, it can take on one of N discrete 
values, usually equally spaced. We let ai be the value in 
th'-' ith interval. If N is a power of two, say 2"', then the 

F,•rney-Coding and its application in space communications 

r--

Data out 
Correlator AID Decoder 

'---

signaling mte is I/r symbols (bauds) per second, and the 
transmitled rate m/r bits per second. Ideally, the band
width occupied is W = 1h r hertz, but this is only an 
approximation (and a lower bound) to the practical 
bandwidth. By far the most common scheme of this class 
is the binary (N = 2) case, with a( I) = ±I; this is com
monly called PSK or phase-shift keying, the terminology 
arising from a viewpoint in which a(t) has constant 
magnitude 1 and the phase () is modulated to the two 
values ± 71'/2. 

With white Gaussian noise, and perfect phase tracking, 
it is appropriate to use a correlation or matched filter 
receiver. Mathematically, in the ith baud such a receiver 
forms the integral 

J, ir+r 
Zt = . y(t) cos [wei+()+ 1/;(1)] dt 

IT 

It is easily shown that z 1 = a 1 +II;, where a1 is the modu
lation amplitude (scaled) in the ith baud and n, is the 
noise, a Gaussian random variable centered on 0 and 
independent from baud to baud. (This assumes perfect 
synchronization of the timing intervals, which can be 
approached as closely as desired in practice.) Further
more, no information is lost in the correlation operation, 
in the sense that any decision on what was sent that is 
based on the correlator outputs z 1 can be just as good as 
the information based on the complete received wave
form. Thus we have replaced our continuous-time model 
with a discrete-time model, illustrated in Fig. 2 for PSK. 
Every r seconds, a level a1 (one of N) is sent, and a cor
relator output zi is received. 

In the absence of coding, a hard decision is made on 
the correlator output as to which level was actually sent. 
For example, with binary PSK, a positive zi leads to a 
decision of +I, and negative to -I. With coding, it 
is usually desirable to keep an indication of how reliable 
the decision was; this can range from establishing a null 
zone around 0, which is treated as no decision or an 
erasure, to retaining essentially all the information in the 
correlator output by sufficient finely quantized analog-to
digital conversion (normally three bits), called a soji (or 
quantized) decision. Schematically, any of these possi
bilities will be represented by a box following the cor
relator output labeled A/D. 

We can now lay out the complete block diagram ofa 
system that includes coding (Fig. 3). Information bits 
arrive at a rate of R bjs. An encoder of code rate k/n in
serts 11 - k redundant bits for every k information bits, 
giving a transmitted bit rate of nR/k bjs. These bits are 
taken m per baud into the modulator; at the receiver, a 
noisy correlator output is developed for each baud and 
A/D converted. The resulting hard decisions, soft deci-
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sions, or whatever, enter the decoder, which uses the 
redundancy in the data as well as (with soft decisions) the 
reliability of the received information to estimate which 
information bits were actually sent. When the signal-to
noise ratio is specified, this is a well-defined mathematical 
model, and it makes sense to ask the question: How much 
information can we transmit through this channel, and 
what do we put in the encoder and decoder boxes to do it? 
The surprising fact upon which we commented at the 
beginning of this article is that the answer to the first 
question was announced long before anyone had the 
remotest idea how to answer the second. 

Channel-capacity statements 
Shannon's original work 1 showed that the capacity of 

the communication system blocked out in Fig. 3 is 

C = '12 log. (1 + P/N0 W) bitsjbaud 

or W logz (1 + P/Nu~V) bitsjsecond 

1/16 1/8 1/4 1/2 

Power-limited region 

FIGURE 4. Eh/Nu as a function of C/W in bandwidth-limited 
and power-limited regions (note change of scale), with 
operation at capacity contrasted with M-level amplitude 
modulation [Pr (.:.) = 10-5). 

FIGURE 5. Bit-error probability as a function of signal-to
noise ratio per information bit for situations involving no 
coding and coding at capacity. 

10-1 

<.:> !0 'I-
0:: 

10-3~ 
I 

l) 
lo-s 

Channel capacity 

Channel capac1ty w1th 
hard decisions 

......--No coding (PSK) 

~ 
where P is the received signal power, N0 the single-sided l:tl longer_ ol 

( 

noise spectral density, and W the nominal bandwidth t~e capacitY 
If2 r. Shannon showed that whenever the information lli:<ed No am 
rate R is less than C, then there exists some coding and iads to an 
modulation scheme with as low a decoded error proba. O!Y~efht 
bility as you like; whereas if R > C, then the error proba- ±J4.1ran mi~ 

\ bility cannot approach zero and more coding generally): nodul< ti~n 
only makes things worse. Finally, it can be shown that · ·~vels whllt 
the same results apply when the special modulation · :herefore tt 
assumptions of Fig. 3 are removed, and any signaling he amplit1 
scheme whatsoever is allowed. i Fig. 6, or ' 

At one time, this classic formula fell into disrepute, j1this ra~id 
after it had been used loosely by all sorts of coarse fellows . 1f R-' 'I IS 

who applied it promiscuously to channels not remotely tion and 
characterized by the white-Gaussian-noise model. With increases I 
the advent of the space channel, however, it is time to 
rehabilitate it for the insight it provides. 

Suppose we could actually transmit at capacity; the 
signal-to-noise ratio per information bit would then be 
Eb/No = PjN0 C. The number of bits per cycle of 
bandwidth under the same conditions would be CjW. 
The capacity formula is usefully rewritten as a relation 
between these two dimensionless parameters: 

C/W = log2 [l + (P/NoC)(CjW)] 

This relation is plotted in Fig. 4. We see that, for a fixed 
power-to-noise ratio PjN0 , more and more efficient 
communication is possible as the bandwidth is increased, 
and that with no bandwidth limitations, Eb/No approaches 
a limit of ln 2 (c:::10.69, or -1.6 dB), called the Shannon 
limit. To date, space communication has been charac
terized by severe power limitation and bandwidth to burn, 
so that this so-called power-limited case has been the re
gime of interest. We note that, although the Eb/No limit 
is reached only for infinite bandwidth, at 1/z bit per 
cycle of bandwidth (or a code rate of about 1,4 with PSK) 
we are practically there. 

Let us now see what coding has to offer in the power
limited case. Figure 5 is a more standard curve of error 
probability versus Eb/N0 in decibels. The no-coding curve 
is that for ideal PSK, which is representative of what was 
in fact used in the years B.C. (before coding), as in the 
Mariner '64 system that returned the first pictures from 
Mars. We see that an Eb/No of 6.8 dB is required to ob
tain a bit error probability of 10-3 and 9.6 dB to obtain 
10-5• On the other hand, the capacity theorem promises 
essentially zero error probability whenever Eb/No exceeds 
-1.6 dB. This means that potential coding gains of 8 
to 11 dB (a factor of 6 to 12) are possible, which is rather 
exciting in an environment where the cost of a decibel 
is frequently measured in millions of dollars. Since, in 
the power-limited region, R is directly proportional to P, 
this gain may be taken either as reduced power or as 
increased data rate . 

Another curve of parenthetical interest is included in 
Fig. 5, the capacity curve when the A/D box of Fig. 3 
makes hard decisions. It turns out that this costs a factor 
of 7r/2 or 2 dB. We remark on this loss here because it 
seems to be one of the universal constants of nature: 

Thus 
as we g• 
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about 2 dB. tl 

The situation is quite different when the channel is 
bandwidth-limited rather than power-limited. The follow
ing simple argument shows that, in this region, coding 
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11o longer offers such dramatic gains. Referring back to 
tre capacity formula, we see that for P/NuW >> 1, with 
tixed No and W, each increase by a factor of four in P 
Jeads to an increase of 1 bit/baud in channel capacity. 
On the other hand, consider what is required to increase 
the transmission rate in conventional multilevel amplitude 
n1odulation by 1 bit/baud. To double the number of signal 
levels while maintaining the same level separation and 
therefore the same probability of error requires increasing 
the amplitude span of the levels by a factor of two, as in 
Fig. 6, or the average power P by a factor of about four 
(this rapidly becomes exact as N = 2111 increases). Thus, 
if R.ur is the rate achievable with amplitude modula
tion and C the capacity for some power P, then as P 
increases by k factors of four, we have 

R.ut -+ RA.\t + k 

Thus we can nearly achieve capacity without coding 
as we get deeper into the bandwidth-limited region. In 
Fig. 4, we plotted the fir,st few AM points for Pr (8) = 

JQ-5 to show how rapidly' RAJ! approaches C. It therefore 
may be anticipated that as communications satellites 
achieve greater and greater effective radiated power the 
attractiveness of coding will diminish. One also suspects 
that this argument partially explains why, despite the 
fact that much outstanding early work on coding, in
cluding Shannon's, came out of the Bell Telephone 
Laboratories, to date there has been negligible operational 
u'>e of coding on telephone circuits, which are engineered 
tn be high signal-to-noise ratio, narrow-bandwidth lines. 
Comsat, by inheriting telephone-type tariffs that require 
its bandwidth to be offered in narrow slices, has been 
hobbled in the same way. 

Maximum-length shift-register codes 
In the remaining sections. .ve will discuss different 

types of codes and decoding methods, in an attempt to 
give an impressionistic feel for what they involve, with 
particular reference to performance on the power-limited 
space channel. We begin with block codes, which were 
the first to be studied and have the most well-developed 
theory. The maximum-length shift-register (or pseudo
random or simplex) codes are a class of codes that make 
a good introduction to ~lmLi~ Ji,IQF~ mJZ~.· Their 
rroperties are interesting and easy to derive, and serve 
''' an easy entree to the mysteries of finite fields, upon 
lvhich further developments in block codes depend. Fur
thermore, they are actually useful in space applications 
and in noncoding areas as well. The number and quality 
of the pictures of Mars returned from the recent Mariner 
probes depended on the use of codes like these. 

Consider first a digital feedback circuit such as the one 
depicted in Fig. 7; i.e., an 111-bit shift register whm:e 
serial input is the modulo-2 (exclusive-or) sum of two or 
more of the bits in the shift register. In Fig. 7, 111 = 4 and 
the two bits are the rightmost bt and the leftmost b4, so 
that the input b,., is expressed mathematically as 

(la) 

'.orney-Coding and its application in space communications 

or, using the notation EB for modulo-2 addition, 

b,,. = b1 EB b4 (1 b) 

When we say "shift register," we imply th'lt whenever 
the circuit is pulsed b_y__£Lfl_()ckpulse (not sh'-Ownf.-b,., 

enters the Jeff-end; all other bits-shift one plac(;' to- the 
rTght,and the rightmost bit b1 is lost.-----·· . .. - -

-1t is well to be absolutely solid on the properties of 
modulo-2 arithmetic before striding off into the woods of 
algebraic coding theory.* Only two quantities occur in the 
arithmetic, 0 and 1. They may be added and multiplied 
as though they were ordinary integers, except that 1 EB 1 = 

0. This leads to the curious property that any number 
(0 or 1) added to itself in this arithmetic "cancels," i.e., 
equals zero, so that each number can be regarded as the 
negative of itself, and addition and subtraction are in
distinguishable. (For example, if a = b EB c, then b = 

* In general, the operations of modulo-N arithmetic (N equal to 
any integer) nrc the same as those of ordinary arithmetic after 
every number is reduced to its remamder when divided by N. 
For example, 8 modulo 3 is 2. 

I. Modulo ·2 arithmetic 

Addition Multi pi ication 

+ 

I 

0 

I 

1 X 

I 

0 

I 

1 

0 0 1 0 0 0 

1 0 1 0 1 

FIGURE 6. Doubling the number of levels with the same 
level spacing requires quadrupling the power in pulse 
amjllitude modulation. 

FIGURE 7. Maximum-length shift-register sequence gen
erator with m = 4 stages. 

' b4 b3 bz bl ... 

'"' fT\~ 
b = q:;,W' 
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a S c = a (±! c.) Addi!ion and multiplication table-, :tre coming out of the rightmo~t stage of the regiotcr are tntrh 
given explicitly in Table f. It is easy to verify that all the mitted as a block, or code word. Table III gives the 15· 
ordinary rules of arithmetic-i.e., a + b + c = c + bit code words corresponding to each 4-bit informatio~ 
b + a, a(b + c) = ab + ac, etc.-apply in modulo-2 segment. 
arithmetic, so that we can manipulate symbolic expres- This code is called a (15, 4)code, since code words have 
sions freely, just as though they involved ordinary num- 15 bits for each 4inTcirrriatio;0;its. By using registers ol 
bers, with the additional rule that a+ a = 0. different lengths 111, we can create (M - 1, m) ,J:QQ~s. 

Return now to the feedback circuit of Fig. 7. What )t'ince M = 2111
, as 111 gets large, the riltloorrnr;;[mation 

happens when it is shifted a number of times? The an- \'bits to transmitted bits (the code rate) becomes very 
swer cl~~aL.c.ont~. t small, which limits the usefulness of these codes for coding 
ii'Tlstages initially contain.zeros, then the input will be" purposes; in other applications, however, the fact that 
ze;o, so that a .sh~ft-.wilUeave-.theregisteNn-t.he-all-zero a very long nonrepeating sequence can be generated 
s'ffite.-ti1ere are 15 other initial states; if we pick one of with a short register is the feature of interest. 
tnein, say 0001, and use Eq. (1), we find that 15 shifts We can quickly determine some properties of the 
cycle the register through all nonzeros1~n (M- I)-bit sequences generated by these registers. First, 
the register to the starting point. The sta~~-Jlliuwun. is the bits in these sequences are the rightmost bits of the 

( 

shown in Fig. 8; it consists of two cYcreS: the one-state M- 1 nonzero state sequences of length m. Since exactly 
~cle, and the ~cycle. The nam) halfofallm-bit sequences end in "1," ~isely l'v/12 l's 

. 

maximum-length shift register" is given to this circuit occur in any maximum-length sequence (for·~~e. 
since, given that 0000 must go to 0000, the 15-state cycle 1rmTs··out"Df'll1e'15Int~'Secrrrence"'f"1tfe-example). In a 

. is the maximum length possible. long sequence, if we look at the output at a random time. 
·-. It is a nontrivial result of algebra that for any number o the probability of seeing a "1" is (M/2)/(M - 1 ), or just 

stages m we can always find a circuit like Fig. 7 with a -~--- .. 
state diagram like Fig. 8. The input is always a mod-
ulo-2 sum of certain stages of-the register; ·so·thtniTI:Zcro 
stale_a_l~;;s- givesazero input, and the zero state al\vays 
goe~mfiflnezero-;;;~ on a s . e remmmng -1 
states orm a maximum-length cycle, \~~2111 • 
Tablei'i' specifies input connections to the . modulo-2 
adder that will give a maximum-length shift register for 
1 ~ Ill ~ 34. 

A block code using the circuit of Fig. 7 as an encoder 
operates as follows: The message to be transmitted, 

.......____ ______ _ 
a?~med to be a sequence of bits, is segregated int04-bit 
segments-;-'Each segment is loaded into the 4-bit shift 
regiSter, and the register is shifted 15 times. The 15 bits 

FIGURE 8. State diagram of feedback circuit in Fig. 7. 

II. Connections for MLSR generators 

m 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 

Stages Connected 
to Modulo-2 Adder 

1, 2 
1, 3 
1, 4 
1, 4 
1, 6 
1, 7 
1, 5, 6, 7 
1, 6 
1, 8 
1, 10 
1, 7' 9, 12 
1, 10, 11, 13 
1, 5, 9, 14 
1, 15 
1, 5, 14, 16 
1, 15 

\,/' 

Ill. Code words in a (15~ode 

Information Bits 

0000 
0001 
1000 
0100 
0010 
1001 
1101 
0110 
1011 
0101 
1010 
1101 
1110 
1111 
0111 
0011 

m 

18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 

Stages Connected 
to Modulo-2 Adder 

1, 12 
1, 15, 18, 19 
1, 18 
1, 20 
1, 22 
1, 19 
1, 18, 23, 24 
1, 23 
1, 21, 25, 26 
1, 23, 26, 27 
1, 26 
1, 28 
1, 8, 29, 30 
1, 29 
1, 11. 31, 32 
1, 21 
1, 8, 33, 34 

Code Word 

000000000000000 
000111101011001 
100011110101100 
010001111010110 
001000111101011 
100100011110101 
110010001111010 
011001000111101 
101100100011110 
010110010001111 
101011001000111 
110101100100011 
111010110011001 
111101011001000 
011110101100100 
001111010110010 
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1oul 1/z. Furthermore, since all m-bit sequences except 
: :;e all-zero sequence occur somewhere in the maximum

:ngth sequence, the probability of seeing a "I" given any 
, - l or fewer preceding bits is still nearly one half. 
.'hesc and other statistical properties make a maximum
·:ngth sequence difficult to distinguish from a sequence 
.cnerated truly randomly, as by flipping a coin, yet these 
~quences are easy to generate and repeatable. Thus they 
re commonly used to generate pseudorandom bits. 
. The class of maximum-length shift-register codes is 

, r:presentative of the major classes of algebraic block 
' 0des, in that such codes have the properties of being 
·' I. Systematic; that is, the information bits are trans
mitted unchanged as part of the code word. In the ex
"mple (Table III), the first four bits of each code word are 
the information bits. 

: 2. A P1l.d~y-c~ that is, each of the noninfor
mation (paritY) bits is a parity check on (modulo-2 sum 
of) c·ertain information bits. This can be proved in
ductively; for example, in the example code, the fifth 

.: ['it is the modulo-2 sum of the first and fourth; the sixth 
is the sum of the second and fifth, but this is the same as' 
the second plus the first plus the fourth; in general, the 

11 th bit is some modulo-2 sum of previous bits, which are 
themselves each modulo-2 sums of information bits, so 
the nth bit is also some modulo-2 sum of information 
bits. (In fact, in the maximum-length shift-register codes, 
the parity bits consist of all possible different parity checks 
on the information bits.) 

3. Cyclic; that is, the end-around shift of any code 
word is a~her code word. 

The parity-check property can be used to prove the 
most important single result concerning parity-check 
codes (the group property), which is that if we form the 
modulo-2 sum of two code words, we get another code 
word. 

The modulo-2 sum of two n-bit code words is defined as 
the bit-by-bit modulo-2 sum; that is, if x; and J' c. 1 S i S n 
are the bits in the two original code words, then the bits 
:, in their sum are 

Z; = X; EB J'; 

Thus th~ information bits in z ar~ the modulo-2 sum of the 
information bits in x andy. The parity bits in z are what 
we g~t when we put the modulo-2 sum of the information 
bits in x andy into our 4-bit register and shift 15 times; 
it is not hard to see that they are the modulo-2 sum of the 
parity bits in x and y, since the shift-register connection 
is it~df a modulo-2 sum. In other words, the two circuits 
in Fig. 9 have identical outputs. 

This can be verified also by taking any two of the words 
in T~tble III and forming their modulo-2 sum; the result 
will be another one of the cyclic shifts of the basic se
yuence. 

The group property gives immediate answers to ques
tions about distance or correlation between code words. 
The distance (Hamming distance) between two cod~ 
words is defined as the number of places in which th~y 
differ. If we form the modulo-2 sum of two code words, 
the resulting word will have zeros in the positions in 
llhich the two code words agree, and on~s where they 
differ; thus the distance between two code words is 
C\actly the number of ones in their sum. But, from the 
group property, their sum is another code word; and in 

-- the maximum-length shift-register codes all words have 
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the same number of ones,* namely M/2 (eight in our ex
ample). Thus the distance between any two words in 
these codes is M/2, or about half the code length. 

The equidistant property of maximum-length shift
register codes makes them an optimum solution to the 
following problem in signal design: How can one con
struct M equal-energy signals to minimize the cross-cor
relation between any two signals, with no bandwidth 
limitations? Let us suppose that a code word is sent by 
PSK, so that a 0 is sent as a baud of amplitude -1 and 
a 1 as amplitude + 1. The M-code words then correspond 
to M vectors in M - 1 dimensions, all of equal energy 
(autocorrelation) M - 1. The cross-correlation (inner 
product) of any two vectors is a sum of baud-by-baud 
correlations, equal to + 1 if the vectors agree in that 
place, and -1 if they disagree. But we have just proved 
that the Hamming distance between any two code words 
is M/2, so that any two vectors disagree in M/2 places and 
agree in the remaining M/2 - 1. Consequently, any two 
vectors are anticorrelated with cross-correlation -1. 
This implies that as vectors in (M - I)-space, the code 
words form a geometrical object called a simplex, which 
is universally believed (though it has never quite been 
proved) to be the distribution of equal-energy signals in 
signal space that minimizes the probability of in-

* Except the all-zero word, of course; this is the code word we 
get when we sum any code word with itself. 

FIGURE 9. Two equivalent linear circuits. 
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FIGURE 10. Simplex (tetra
hedron) formed by m = 2, (3, 
2) code in three dimensions. 

(-1,-1.-1) 

correct detection. Figure 10 shows the simplex corre
sponding to the m = 2 maximum-length shift-register 
code, which takes the form of a tetrahedron in three 
dimensions. Here is an intriguing contact between alge
braic coding theory and the geometry of N dimensions. 

Suppose now that we use such a binary code with PSK 
modulation; how shall we decode it at the receiver? As 
in Fig. 3, we assume that we start with the M - 1 cor
relator outputs zi that correspond to the M- 1 bauds 
required to send a code word. For definiteness, we use the 
code of our example in which m = 4 and M - 1 = 15. 
Here we shall see a distinction between the viewpoints vf 
the signal designer and of the algebraic coding theorist. 
The signal designer would take the attitude that what we 
have here is a way of sending one of 16 signals through 
a white Gaussian channel, where each possible signal is 
made up of 15 binary chips, and thus is a vector in 15 
dimensions. As in the pure binary case, the optimum 
detection method is to correlate the received signal 
against all the 16 possible transmitted signals, which 
can be done by simply summing the correlator out
puts z; multiplied by ± 1 according to the code word 
amplitude in the corresponding baud. Thus 16 computa
tions followed by a selection of the largest correlation 
must be performed. (It turns out that the correlations 
can be dohe simultaneously in a special-purpose com
puter-called the "Green machine" at Jet Propulsion 
Laboratory 2-as an M-point fast Hadamard transform. 
which is structurally very similar to a fast Fourier trans
form.) The computational load remains manageable for 
m less than eight or so, which is also where the bandwidth 
occupied by these codes begins to be absurdly large. A 
modified (biorthogonal) 111 = 6 code was used in the 
Mariner '69 expedition; its performance curve is shown 
in Fig. 11. 3 

An alternate approach is usually taken by the algebraic 
coding theorist. The first step is to make a hard decision 
on each correlator output to obtain a 15-bit digital word 

FIGURE 11. Performance of various bloc~ codes. 

-3 

(32,6) m =6 biorthogonal code 
/(algebraic error correction) 

(24,12) code 
(algebraic error correctio~) 

/ 
(32,6) m =6 biorthogonal code 
(correlation detection) 

0 

called the received word. Now we are back in the realm of 
modulo-2 arithmetic, Hamming distance, and so forth. 
In the hard-decision process, a number of bit errors will 
usually be made. From the distance properties of the 
original code, one can determine that if fewer than some 
maximum number of errors occur, then correct decoding 
is guaranteed. In the example, where the Hamming dis
tance between any two words is eight, it is easy to see that 
if three errors occur in the reception of any code word, 
then the received word will differ in three places from the 
correct word, but in at least five places from any other 
word, so that in principle decoding should be correct. I~ 
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FIGURE 12. Convolutional encoder. 

general, a number of bit errors equal to the greatest 
integer less than half the Hamming distance is guaranteed 
to be correctable. 

One decoding method suitable for the (15, 4) example 
code is permutation decoding. 4 From the distance proper
ties of this code, we know that if we can find some code 
word within Hamming distance three of the received 
word, then we should assume that word was sent, since 
all other code words must be at least distance five from 

I the received word. To find such a word, we can start 
~ by simply reencoding the four received information bits, 
, and checking whether the reencoded parity bits agree 

I 
with the received parity bits in all but three or fewer 
places. If so, we are done. If not, then because of the 
cyclic property of the code, we can take any other four 
consecutive received bits, treat them as information bits, 
'md generate the rest of the cycle (end-around) that 

i makes up the code. (If this is not immediately clear, try 

f 
tuking any four consecutive positions of any code word 
in Table III, loading them into the encoder shift register, 
and shifting 15 times to generate the whole code word, 
starting at that point and cycling around past the begin-
ning.) If there are actually three or fewer bit errors, at 
least one set of four consecutive positions will be re
ceived correctly, so by taking each set of four in turn, 
reencoding, and comparing, we will eventually find the 
correct code word. (This cyclic permutation scheme is 
also used to correct burst errors, since a correctable burst 
of errors will not affect at least one set of k consecutive 
bits.") 

The performance of hard decisions followed by alge
braic error correction is also shown in Fig. 11, for the 
same (32, 6), distance-16 code as in the correlation detec
tion curve. We see that it is more than 3 dB worse for the 
lower error probabilities, It might therefore seem that 
the correlation technique is the better one; however, 
algebraic decoding remains feasible for much longer code 
lengths and numbers of information bits, where correla
tion detection is computationally infeasible. A curve for 
the (24, 12) (minimum distance eight) extended Golay 
code is also shown in Fig. 11; with longer codes, the 
hard-decision disadvantage can eventually be overcome. 

Ideally, one would like a scheme whose computational 
complexity was like that of the algebraic decoding 
schemes, but would make use of all the information in the 
correlator output and thus achieve performance like that 
of correlation detection. At least two approaches (orth
ogonal equation decoding6•7 and generalized minimum
distance decoding~) with these features are known, but 
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they have not been extensively studied due to the ex
istence of superior convolutional coding schemes (to be 
described in the next section). 

Although we have studied only the maximum-length 
shift-register codes here, more advanced algebraic block 
codes involve quite similar ideas. Peterson9 and Berle
kamp 10 are the standard references of the field. 

Convolutional codes 
Historically, the coding world has been divided between 

block-code people and convolutional-code people. Al
though relations between these groups are perfectly 
amicable, block-code types tend to harp on the relatively 
primitive theoretical understanding and development of 
convolutional codes vis-a-vis block codes, whereas con
volutional-code types point out that in all respects in 
which convolutional codes can be compared with block 
codes they are essentially as good in theory, and in some 
major respects better, while in practice they are typically 
simpler. The correctness of both these viewpoints will 
be illustrated in this section. Whereas we have considered 
an infinite class of good block codes, we cannot now con
sider such a class of convolutional codes, -~-class{,!s 
of rea§onably_ go_od _codes in the block-code sense are 
unknown.- Instead we shall consider a simple typical 
code and some reasonable ways of decoding it. The best of 
these methods will be seen to give better performance on 
the space channel than any block-code techniques. 

Consider the linear sequential circuit illustrated in 
Fig. 12. Like the maximum-length shift-register generator 
of Fig, 7, it consists of a shift register and a modulo-2 
adder connected to several shift-register stages. In this 
case, however, information bits are continuously entered 
into the left end1 of the register, and for each new informa
tion bit a paritY bit (a parity check on the current bit 
and three of those in the past) is computed according to 
the formula 

Pt = i, EB i,_, EB it-4 $ it-6 

Information and parity bits are transmitted alternately 
over the channel. The code generated by this encoder is 
called a rate- 1/2 convolutional code: rate 1h because there 
are two transmitted bits for every information bit, con
volutional becaufe the parity sequence is the convolution 
of the informatiOn sequence with the impulse response 
1,1,0,0,1,0,1, modulo-2. Like the block codes considered 
earlier, the code is systematic (information bits are trans
mitted), and is a parity-check code; therefore, it has the 
group property (the modulo-2 sum of two encoded se-

l 
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quences is the encoded sequence corresponding to the 
modulo-2 sum of the information sequences). 

We shall now suppose that the encoded sequence is 
sent over a binary channel and that hard decisions are 
made at the receiver output. How do we decode? First, 
the decoder must establish which received bits are infor
mation and which parity, but as there are only two pos
sibilities, trial and error is a feasible procedure. (For 
block codes, the comparable problem involves a choice 
between 11 phases, where 11 is the block length, and some 
special synchronization means may be required.) This 
done, we shall let the decoder form syndromes, which are 
defined as follows: 

Take the received information sequence, and from it 
recompute the parity sequence with an encoder identical 
to that of Fig. 12. Compare these recomputed parity 
bits with the parity bits actually received; the outputs 
from the comparator (another modulo-2 adder) are called 
the syndromes (see Fig. 13). (The syndrome idea is 
equally useful with block codes.) 

It is evident that if no errors occur in transmission over 
the channel, the recomputed parity bits will equal the 
received parity bits and all syndromes will be zero. On the 
other hand, if an isolated error occurs in the parity se
quence, then a single syndrome will be equal to one at the 
time of the error. If an isolated error occurs in the infor
mation sequence, then the syndromes will equal one at all 
times when the incorrect bit is at a tapped stage of the 
shift register, so the syndrome sequence will be 1, I ,0,0, I, 
0, I ,0,0 ... , starting at the time of the error. The syndrome 
pattern for more than one error is just the linear super
position (modulo-2) of the syndrome patterns for each 

Received bits ) 

'----y---' 
Dediplexer 

Received information 

Received parity 

of the individual errors. Thus do the syndromes indicate 
the nature of the disease. 

An obvious technique for correcting single isolated 
errors now suggests itself. Such an error will manifest 
itself as a syndrome pattern of 1100101 or 1000000, de
pending on whether it is in an information or a parity bit. 
The first time we see a 1 in the syndrome sequence, we 
know that an error has occurred; the value of the following 
syndrome tells us whether it was an information or 
parity error. Since only information errors need be cor
rected, an AND gate looking for two successive syndrome 
"ones" suffices, as illustrated in Fig. 14(A). 

One can correct double errors with the hardly more 
complicated circuit of Fig. 14(B). Here the syndromes 
are fed into a 7-stage shift register; a threshold circuit 
fires if three or four of four selected places contain ones. 
The selected places are those that would contain ones if 
there were only a single information error. A single parity 
error, in addition, can only disturb one input to the 
threshold circuit; similarly, it can be verified that with 
this particular code a second information error can only 
interfere with one input, so that if only two errors occur 
the threshold circuit will certainly fire at the right time. 
On the other hand, it can also be verified that under the 
assumption of only two errors the circuit will never fire 
at 'the wrong time. Finally, the complement line is in
cluded to take out the effect of a corrected error in those 
syndrome bits that were inverted by it, so that the decoder 
can handle all error patterns that do not have more than 
two errors in any seven consecutive pairs of received bits. 

Both these decoders are examples of threshold de
coders7 (working on a self-orthogonal code 11). Threshold 

Syndromes 

FIGURE 13. Syndrome formation at the receiver. 

FIGURE 14. Simple single: and double-error-correcting threshold dli)coders. 
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de,mling is an extremely simple technique that applies to 
many short codes correcting a few errors, and that is 
~asily extended to correct bursts of errors. Its efficiency 
diminishes as the number of errors to be corrected be
comes large, and for this reason it is not an outstanding 
rerformer on the space channel. With hard decisions, 
the performance of the three-error-correcting (24, 12) 
convolutional code (shift register length 12) is about the 
>ame (to within 0.2 dB) as that of the (24, 12) block code 
of Fig. 11. 

Sequential decoding was invented by Wozencraft 12 in 
about 1957. Through a decade of improvement, analysis, 
:md development, it has become the best-performing 
practical technique known for memoryless channels like 
the space channel, and will probably be the general
purpose workhorse for these channels in the future. Like 
much else in the convolutional-coding domain, it is hard 
lo explain and analyze, but relatively easy to implement. 
Very crudely, a sequential decoder works by generating 
hypotheses about what information sequence was actually 
>ent until it finds some that are reasonably consistent 
with what was received. It does this by a backward and 
forward search through the received data (or through 
syndromes). It starts by going forward, generating a 
sequence of hypotheses about what was sent. It checks 
what. ' received against what would have been trans
mittel -" ven the hypotheses, and according to the good
ness of the agreement updates a measure of its happiness 
called the metric. As long as it is happy, it goes forward; 
11 hen it becomes unhappy, it turns back and starts chang
ing hypotheses one by one until it can go forward happily 

F >rney-Coding and its application in spac~ communications 

FIGURE 15. Performance of 
convolutional decoders. 

again. A simple set of rules for doing this is called the 
Fano algorithm. 13- 15 

It is evident even from this meager description that 
sequential decoding involves a trial-and-error search of 
variable duration. When reception is perfect, the de
coder's first guess is always correct, and only one "com
putation" (generation of a hypothesis) is required per 
bit. The more noise, the more hypotheses must be gener
ated, up to literally millions to decode a single short seg
ment. Because of the variability of the computational 
load, buffer storage of the received data must be pro
vided to permit long searches. Whenever this buffer over
flows, the decoder must jump ahead and get restarted, 
leaving a section of data undecoded. This overflow event 
therefore leads to a burst of output errors; its frequency 
generally dominates the probability of decoding error, 
since the code can be made long enough that the probabil
ity the decoder is actually happy with incorrect hypotheses 
can be made negligible. 

Sequential decoding is outstandingly adaptable; it can 
work with soft or hard decisions and PSK, or with any 
modulation and detection scheme. In the four implemen
tations for the space channel to date, the Lincoln Experi
mental Terminal decoder 16 works with 16-ary frequency
hopping modulation and incoherent list detection; the 
NASA Ames decoder for the Pioneer satellites 17 and the 
JPL general-purpose decoder 18 work with PSK and soft 
(eight-level) decisions; and the Codex decoder, built for 
the U.S. Army Satellite Communication Agency, 19 works 
with PSK (or DPSK or QPSK) and hard decisions, the 
choice in every cas.e being based on system considera-
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tions. Sequential decoding can even make efficient use of 
known redundancies in the data, as was done for some 
preexisting parity checks in the Pioneer data format. The 
one thing a sequential decoder cannot tolerate is bursts of 
errors, which will cause excessive computation; therefore, 
it cannot be applied without modification to any channel 
but the space channel. 

The performance of sequential decoding depends both 
on the modulation and detection scheme with which it is 
used, and on the data rate relative to the internal com
putation rate. The theoretical limit of any sequential 
decoder on a white Gaussian channel is Eb!No = 1.4 dB, 
exactly 3 dB above the Shannon limit; this limit can be 
approached with PSK, soft decisions, and low-rate codes. 
The simplest possible sequential decoder working with 
rate- 1;2 codes, PSK, and hard decisions has a theoretical 
limit of Eb/No = 4.5 dB; 2 dB of this loss is due to hard 
decisions, 1 dB to the choice of rate 1;2 rather than a 
lower rate. Actual performance depends on the data rate 
as well as the error rate desired, although the curves are 
very steep; Fig. 15 shows measured curves at 50 kbjs and 
5 Mbfs for the Codex decoder, 20 which has an internal 
computation rate of 13.3 Mbfs. 

Somehow the idea that sequential decoding is compli
cated to implement has achieved considerable circulation. 
This is undoubtedly partly due to the difficulty of the 
literature. Also, the first sequential decoder (SEC0 21), 

built at Lincoln Laboratory for telephone lines with the 
technology of an earlier day, was an undoubted monster, 
due in part to large amounts of auxiliary equipment such 
as equalizers. It should be emphasized that three of the 
four implementations just mentioned involve only a 
drawer of electronics with a core memory system for the 
buffer storage; the fourth, the Pioneer system, was actu
ally clone in software because of the low maximum bit 
rate (512 bjs). 

We conclude by mentioning two more classes of 
schemes of current interest. One, the Viterbi algorithm, 22 

performs optimum correlation detection of short con
volutional codes much as the Green machine does of 
block codes. Figure 15 shows the performance of this 
algorithm 23 with soft decisions when the decoding com
plexity is comparable to that of them = 6 block decoder 
of Fig. 11; performance is uniformly superior. This 
algorithm is competitive in performance with sequential 
decoding for moderate error rates, but cannot achieve 
very low error rates efficiently. On the other hand, it can 
be implemented in a highly parallel pipe-lined decoder 
capable of extremely high speeds (tens of megabits) 
where sequential decoders become uneconomic. It there
fore may find application in high-data-rate systems with 
modest error requirements, such as digitized television. 

The second class represents attempts to bridge the 
final 3-dB gap between the sequential decoding limit and 
the Shannon limit by combining sequential decoding with 
algebraic block code constraints. Recent unpublished 
work of Jelinek gives promise of performances between 
1 and 2 dB from the Shannon limit without excessive 
computation. At the moment, all schemes in this class 
seem most suited for software implementation, and will 
probably be used only for low-data-rate applications 
where the ultimate in efficiency is desired, as in deep
space probes. 

Thus do we near practical achievement of the goal set 
by Shannon 20 years ago. 
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) Codes correcteurs d' erreurs 

par A. HocQUENGHEM, 

Professeur au Conservatoire des .4rls et Metiers, 
lngenieur conseil a Ia S.E.A. 

Generalisant un travail de Hamming, !'auteur constmit des codes 
permettant de corriger k errrurs dans une transmission de digits 
l!inaires. 

The paper is a generalization of Hamming's work. The author gives 
a coding system available to correct k errors in a transmission of 
hinnry digits. 

Eine Arbeit von Hamming verallgcmeinernd, entwiekelt der Autor 
Kodes die es ermogliehen bel !Jbco·tragung biniit·er bits k Fehlcr zu 
korrigieren. 

Ouo!lll\aH pauoTy XaMMuura, aaTop npeJvtaraeT KOI\hl, KoTophJC 11atoT 803· 
MOlKHOCTh JJCnpaonRTb k OWIJUOK 8 nepCI\a4C ABOH411hJX uJJ<jlp. 

1. lntroduetion. 

Introduisons dans un systcme de transmission un mot, consti
tuc par un nombre de n chill'rcs binuires : 

al a2 '·, ... • .. an 

Le mot re'¥11 peut difTcrer du mot initial par un certain nombre 
d'errcurs (certains chilfres a, ctant a I teres en 1 -· a1). Pour essayer 
de dctecter et de corriger ces erreurs, on n'utilise que m chilfres 

, du mot comme support de !'information, les chilfres restant appelcs 
) , chiffres de test dcvant servir a Ja verification du mot apres Ia 

transmission. Donner une loi de determination de ccs chilfres de 
test en function des m chilfres d'information de fa~on a pouvoir 
detecter - ou corriger - un nombre maximum k d'erreurs, c'est 
former un code deteoteur - ou correcteur - de k erreurs. 

L'exemple le plus simple est le code dctectcur d'une erre1,1r. 
Dans ce ens m = n- 1, et on choisit le chilfre de lest de fnt;on 
que le nomhrc ·total de chilfres 1 du mot soil pair. La verification 
du mot consiste alors en un lest de paritc. 

Hamming (Bell System Technical Journal, 1950) n donne Ia 
loi de .formation d'un code correcteur d'une erreur. Lc nombre de 
chilfres de test est l'cntier N determine par les inegalites 

(11) Log2(1 + n) ~ N < 1 + Log2(1 + 11) 

Dans le ~as general d'un code correcteur de k erreurs, le nom
bre de configurations d'errt>urs possibles est : 

H = 1 + c~ + c;, + ... + c~: 
Par suite le code le plus cconomique utiliserait un nombre de 

chiiTres de lest ega'l a l'entier immcdiutcment superieur a Log2H. 
A part le code de Hamming, on n'n pu construire de .tels codes. 
Ceux que nous proposons utilisent un nombre de chiiTres de test 
ega! it 

n-m =kN 
La difference 

kN -Log"H 
est de l'ordre de Log2(k!), done assez fnible pour que ces codes 
soicnt satisfaisnnts. 

AprC's nvoir dcfini un anneau dans lequel nons ferons nos 
crulculs, nous exposerons le code de Hamming sons cette optique, 
puis les principes de . formation des codes qui nons conduiront 
a nne determination quasi-expcrimentale et a nne determination 

' systematique de ces codes. Nons terminerons par un exemple de 
code correcteur de 2 erreurs. 

:!. Dcllnition de l'anneau c't 

Les clements de l'anneau ct sont les nomhres entiers ccrits en 
nmncration binaire. 

A chaque element de l'anneau ct nons faisons correspondre 
un polynome ayant comme coefficients les chilfres de !'clement. 
Le polynome est alors defini sur le corps de cnracteristique 2. 

Toute operation sur les elements de ct sera faile sur les poly
names correspondants - au cours de ces operations tout coeffi
cient pair sera remplace par 0, lout coefftcient impair par 1. 

Le rcsultnt sera un polyriome auquel correspon.dra un elemeht de 
l'anneau 1-'t . 

On a done toutes les operations habituelles sur les nombres 
cntiers - afin d'e.viter toute amhiguile, toutes les expressions 
calculees selon ces rcgles seront suivies de !'indication (1-'t). 

Exemples: 

Addition: 101+111=10 (ct) 
MuJtiplication : 101 X 111 = 11.011 (ct) 
Puissance : 1012 = 10.001 (ct) 
Division: 1.101=111X10+tt (ct) 
En parliculier : p + p = 0, (p + q)2 = pz + q2 (ct) 

Lorsque le polynomc sera irrCductible sur le corps de caracte
ristique 2, nons dirons que le nomhre correspondant est irreduc
tihle 0! n'admet pas, dans l'nnneau ct' d'autre diviseur que lui
meme e.t !'unite). 

On pent classer evidemment les nombrcs dans l'anneau d. 
par ordre de grandeur, mais beaucoup plus important est le nom
hre de chilfres. On demontre que parmi les nombres aynnt un 
nombre de chilfres donne, il existe toujonrs un nomhre irrCductihle. 

Etant donne un mot ecrit en binaire 

a 1 a2 ••• a" 
nons attacherons a chaque indice i un nombre p1 de l'anneau .Ct) 
et an mot lni-mcme nous attacherons Ie nombre 

T=a 1 p1 + a2 p2 + ... + n,p, (cl) 

C'est Ia consideration du nomhre T qui, grace a un choix conve
nable des nombres p1 nons permctlra de corriger les erreurs 
eventuelles. 

:1. Code de llammin!J. 

Nous retrouvons le code de Hamming en fnisant 

p,=i 

Les ehilfres de test sont les ohiffres du mot d'indicer. 

1, 2, 22, ... , 2"-t (N dcfmi par les inegalites 11). 

L'informati<>n sera portce par les chilfres 

a 3 a0 a 0 a1 a0 • • • a. 

On determine les chifTres de test par Ia condition 
T = ~p,a, = 0 

condition qui s'ecrit ici 

a1 + 2a2 + 4a, + , .. + 2N-f ai:-;_1 = :Ja3 + 5a, + 6a0 + + na, 

(d.) 

Le second membre est un nombrc hinaire connu d'au plus N 
chilfres. L'cgalile dc·lcrmine done parfaitcment lcs valeurs des 
chilfres de test. 

Si, apres transmission, il n'y 11 pas d'erreur, on relrouvcra 
'1'=0. 

S'il y a nne crrenr, port ant par cxemplc sur le C·hilfre a~ 
rem place par (l --II a), lc nombrc T prendru la valeur : 

Reprinted with permission from Chiffres, vol. 2, pp. 147-156, 1959. 
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T = a1 + 2a2 + ... + aO -- a 4 ) + ... + na., =a (cl) 

/
'a valeur de T sera l'in<lice du chiffre erronne. 

S'il y a deux erreurs, porlant sur les chiffres d'indice a et ~. 
T prendra Ia valeur : 

T=a+~~o (cl) 

S'il y a plus de deux erreurs, T pourrait Hre nul. Le code 
obtenu est done correcleur d'une erreur, detecleur de deux erreurs. 

II est commode, pour :mtomatiser lc controlc, de supposer les 
nombres p disposes en nw trice. Par exemple pour n = 7, on aura 
Ia matrice 

Aux nombres 
0010110 

eorrespondront les matrices 

0000110 
0010010 
0010100 

0 0 0 1 1 1 1 
0 1 1 0 0 1 1 
1010101 

el 

cl 

0010010 

0000010 
0010010 
0010000 

Lc nombre T s'ohtient ('II faisanl suivre ch:HJUe ligne de Ia 
malrice de son chifTre de paritc (~ 1). 

On oblienl ici : 

I ~ I 
et 

Le premier nombrc esl con·ecl, le 5' chifTre du second nombre est 
f:JUx. 

4. PrinclJJC d'un code corrccleur de k erreurs, 

Voyons mainlenant a quelles conditions doivent satisfaire les 
nombres p pour que le calcul de T permette de corriger k erreurs. 

Nous supposerons q\te les chifTres dr. lest sont en nombre suffl
.ant pour que, connaissant les chiffres d'information, on puisse 
rcaliser Ia condition 
(41) T=kn1p1 =0 (<.'l) 

Si apres transmission, les chifTres de rang 
Op u2 " , , a1 (j ~ k) 

·son! errones, le nombre T ealcule sur le mot deforme prendra Ia 
valeur: 

T = P«l + P•2 + . · · + P•i (<.'t.) 
II faut que le nombrr. ainsi trouve soil caracteristique des rangs 
a,, a 2, ••• , ap c'est-a-dire que : 

P•l + P•2 + . · · + P•i -c;e P•'l + P•·2 + · · · + pa·r (ct) 
lorsque 

et les deux ensembles 
(at, a2, ... , a1). 

non identiques. 

Celie condition peut encore s'ecrire : 

(42) fJ ~I + p ~2 + , . , + p ~I -c;C Q 
lorsque l ~ 2k 
et des 1.,, ).2 ••••• !., clant to us difT.Crents. 

(Ct) 

On devra done choisir les nombres p leis que !'addition, dans 
l'anneau l't, d'au plus 2k de ces nombres donne un resultat non 
nul. 

Une fois determine un ensemble de n nomLres p, il faudra 
choisir ·Ies chifTres de test. II est commode pour cela de remplacer 
!'ensemble oblenu par un autre ensemble de n nombres mais 
contenanl les puissances successives de 2 : 

1, 2, 22, , . , ' 2K-1 
K dcsignanl le nombrc de chifTres du plus grand nombrc p obtenu. 

Disposons pour cela les nombres p en une matrice M de n 
noJonnes et 1{ !ignes (1{ < n), chaque nombre p etant done repre

nlc par une colonne 

j 

""'I 
I 

"'I 

Si le rung de ectte malrice (dans l'anneau cl) est K' < K, 
c'cst que ]{- ]{' I ignes de celtc matrice sont des combinaisons 
lincaires des ]{' ligncs rcslanles. Si l'on supprime ces K- K' 
Jignes, on ohlicnrlrn unc matrire 1\f' de nombres p' qui vcrifieront 
encore .Ja condition 142). 

Ceci etant, nous pourrons extrnire de In malrice 1\I' nne matrice 
carrce /1. de J{' !ignes doni le determinant calculc dans l'anneau 
et ne sera pas nul. On aura done 

del /1.= I 

puisque les seulcs valeurs possibles sont 0 on 1. En multipliant Ia 
matrice ]I[' par t',-1, on obtiendra Ia malrice M" formee de nombrcs 
p" leis que 

el par suite les nombres p",. verifieront encore Ia condition (42). 
De plus, ·Ia matrice M" contiendra i1 cc moment Ia matrice 
t',-1 X /1., c'est"a-dirc Ia matrice unite, clone !'ensemble des p" 
conliendra les puissances successives de 2 : 

L 2, 22, ••• , 2w~-t 

Les indices correspondanls seront pris comme chilTres de lest et 
Ia condition (41) delerminera ces chiffres en fonclion des chiffres 
d'information par cgalit(l de deux nombres binaires de K' chifTres. 

Tout le probleme se ramene done a construire des ensembles 
de nombres p satisfaisant a Ia condition (42). 

5. Fm•mation de JH'twhr. I'll p••oche d'uno suite d!' nombres p. 

Prenons d'abord : 

p,=1, [1~=2, fla=2", ... , f12,.=22k-I 
puis : 

P~l. + I = 2:!/; -· 1 

P•<+• = 2"k 

Ces nombres satisfont deja aux conditions (42). Pout· prolonger 
cetle suite dans l'ordrc des p croissants, supposons eire arrive 
au nombre p 1 de I chiiTres. Considerons !'ensemble des nombres 
p, a p1 et de leurs sommes dans l'anneau ct par groupcs de 2, 3, 
... (2k- 1). To us les nomhres obtenus ont au plus I chiffres. 

S'il existe un nomln·e non conlenu dans l'enscmhle ainsi forme 
ct compris entre p1 ct 21, t'e nomhrc sera pris pour l'alcnr de 
fi;+ 

1 
(s'il y a plusicurs nombres on rhoisira e\'idemment Je plus 

pelit). Sinon on prendra Pi+t = 2'. . 
On peut ainsi continuer pas a pas jusqu'a l'oblenlwn des n 

nomhres p. Si p, a K ehiffres, les nomhres 
L 2, 22, ... ' 2'\-t 

seront inclus dans Ia suite des p. La suite sera done direclement 
utilisable pour former un code. II reslera a elablir Je labl~nu de 
rorrespondance entre les H vnleurs de Ia somme 

(cl) (j ~ k) 

et Ia valeur des indiees a" a"' ar 
Le procedc ninsi defini est assez long a exploiter. Cepcndant, 

pour des valeurs raisonnables de n el k, il .ne depasse pas les 
possihilites d'une cnlculatrice de moyenne pmssance.' 

Ln determination a priori du nombre K de chtfTres de test 
pnrall assez diflleile. Aussi allons-nons exposer un procede plus 
systematique de recherche des nomhres p. 

6. Formation s~·stcmnlique des nombres p. 

La theorie des congruences, si utilisce dans les preuves des 
op(•rations arilhmel iques, va no us fournir u.n ~ode. de calcul des 
nomhres p. J>esignons par e un nombrc trreduchble de N + 1 
chill'res et par q' le reste de Ia division dans l'annenu <X d'un 
nombre q par (?· Le nombrc q' aura au maximum N chifTres. 

Nous poscrons alors : 

Pr = i + 2N(i")' + 22N(i•)' + .. , + 21k-I)N(i2k-I)' 

(i = 1, 2, ... , n) 

(cl) 

73 



) 

CODES CORRECTEURS 

c'est-iH!ire que Ie nombre p 1 esf forme de Ia juxtaposition des 
restes successifs de Ia division par Q des puissances impaires dans 
J'anneau cl du nombre i. Nous allons montrer que ces nombres p1 

satisfont a Ia condition (42). 

En eifel, supposons : 

(61) fJ i., + J! A~ + ... + fJ AI = 0 (cl) 

C.ela entrainerait : 

(62) S1 = S'a = S'0 = ... = S'2k-t = 0 

en posant : 

et 

s, = (/..,)' + (f...)i + ... + (i,,)' 
s·,""' s, (mod f?) 

Or, si nous considerons le produit 

i=2, 3, ... , I 
j = 1, 2, ... , I--· 1 

(L"l) 

( (.'t) 

i>j 

(I~ 2k) 

(cl) 

ce produit peut s'ecrire sons forme d'un determinant de Van der 
l\Ionde don! Je carre contiendra Ia ligne 

St S2 Sa ...... S, 

Comme 5,1 = s,•, les conditions (62) entralnent 

IT(~ + /..1) == 0 (mod Q) ( cl) 

Done un des facteurs, par exemple )., + /..1, serait divisible par I?· 
Comme Ia somme dans L't des nombres ~ + !..1 a moins de ehilfres 
que le nombre Q• il en resulterait 

~ + /..1 = 0 J.; o= /..1 
Pal" suite l'hypothct;e (61) ne peut etre rcalisce que si au moins 
deux indices e!aient tlgaux. 

Done les nombres p que nous avons formes remplissent Ia 
condition (42) et peuvent servir a former un code correcleur de 
k erreurs. Naturellement on les transformera comme il est indique 

·au § 4 pour former une suite contenan.t des puissances de 2. 
Dans 'le cas general, p1 comprenant kN chilfres, il y aura lieu 
d'u tiliser kN chiffres de test. 

7. Exemplc. 

Nous avons forme un code de 15 chilfres correcleur pour 2 
erreurs. lei N = Lo& 16 = 4, il y aura 8 chilfres de test. 

En prenant Q = 19 = 10.011, on calcule aisement les nombres 
p et Ja matrice M : 

0 

u u 1 0 

u () 0 1 

1 u 0 0 

u 0 0 0 0 

u () 0 1 

u 1 0 0 

u 1 0 

2 3 4 5 

0 0 

0 0 

0 0 

1 1 

0 0 

1 

0 1 

6 7 

0 

1 

0 

1 

0 

0 

0 

8 

0 

0 0 

u 0 

1 

0 0 0 

0 0 

0 0 

!) 10 11 12 

(:Cite matrice M est de rang ll, cur le determinant forme avec 
les colonnes 1, 2, 4, ll, 6, 12, 7, 14 (ehoisies pnrce qu'elles prcseJl· 
lent le plus de ZL'ros) vaut 1. 

La matl'ice il (§ 4) sera formce avec ccs colonnes. En !'inver
san! on trouve Ia malrice : 
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0 1 1 1 1 0 0 
1 1 0 0 1 0 0 0 
0 1 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 

Il-l= 0 0 0 1 0 0 0 1 
1 0 0 0 1 1 1 0 
0 1 1 1 1 1 0 1 
1 0 0 0 1 0 

Le produit /l-1]\f (dans l'anncau ct) donne Ia malrice deflni-
live : 

1 (} 1 0 0 
0 1 0 0 1 
0 0 1 1 0 
(} 0 1 0 1 
0 0 0 0 1 
() () () 0 0 
() 0 () () I 
0 () 1 f) 1 

2 a 4 5 

0 0 0 
0 0 0 
0 () 0 
0 0 1 
I 0 0 
0 1 0 
0 0 () 

() 0 0 

(i 8 

0 
1 
1 
1 
0 
0 
I 
0 

!I 

0 0 
1 
1 
0 
I 
1 

0 1 
I 0 

10 11 

Les ·chilfres de rang 

I, 2, 4, 6, 7, ll, 12, 14 

0 1 
0 0 
0 0 
0 
0 
u 
1 () 

0 1 

12 13 

0 1 
0 1 
0 1 
0 0 
0 1 
0 0 
() 0 
1 1 

14 15 

serviront de chilfres de lest, ks 7 aut res chifl'res seront les supports 
de l'informalinn. 

Pour vt'•rilh•!' l'l conigcr un mot on fl•ra In sommc 

(cl) 

Si cllc est nullc, il n'y aura pns cu d'alteralion du mo.t (on 
plus de 4 errelll'S). Si T n'est pas nullc, on pourra relrouver les 
chif!'res faux (en ndmetlant qu'il n'y en ait pas plus de 2) en 
utilisant ;Ia table suivanle qui donne lcs valeUI'S possibles de T 
suivies entre parentheses des rangs des ehilfres faux. 

1 (14) - 2 112) -- :J (12,14) -- 4 (7) - 5 (7,14) 
6 17,12)- 8 (6)- !I (li,l4l ·-- 10 (<i,l2J - 12 (<i,7) 
15 (9,10)- If> (ll) - 17 (ll,14l --Ill lll,I2J- 1\l (10,11) 
20 (7,1l)- 24 (<i,8)- 27 (2,5)- 2/l (!),11)- 2!l (1,13) 
:J2 (4J - :l:l (4,14J - 34 14,12) - :IG ('!,7) - 40 (4,<il 
41 (5,\J)- 42 (5,10) -- 4-1 (:1,1:1) -- 46 (2,111 ·-· 41l (4,8) 
4\l (1,3) - 50 (2,!)) -53 (5,11) -lit (2,10) - (i4 (2) 
65 (2,14)- <i6 (2,12)- !ill (2,7) -· 72 (2,1i)- 75 (J,Il) 
77 (8,13) - 78 (4,11) - llO 12,1ll - ll2 (4,!!) - ll3 (5,6) 
85 (li,l3) -- ll8 (:1,15)- 80 (:l,l2J- !JO (5,14)- !ll (iil 
!J:l (4,10)- 96 (2,4J -- !Jil 18,!!1 -- 102 10,11) -- 10:1 Ui,7) 
105 (1,151- !Oii (7,11) -lOll (11,121 --110 (liJ -111 111,14) 
112 (!1,12)- ll3 (ll,IO)- 114 (!I)- 115 (!1,14)- 1l<i (1:1,15) 
117 (<i,10)- 111! (7,!ll- 121 (7,10) -- 122 (li,\l\ -- 12:1 (4,5) 
124 (10,14) -· 125 (10) -12H (ll.11)- 127 (10,12) -128 (I) 
12!1 (1,141- (;)() (1,12)- t:l2 11,71 -- 1:lii (11,lii) -- 136 (l,(i) 
144 (1,8) -- 145 (;1,4)- 152 (10,lii)- 15:l Ci,1:1J- 1iiii (!J,1il) 
Hill o:J,14l- 157 (l:n- 1il!l o2.t:n -- u;o (l,.J>- llit ra,ll) 
Hi!l (2,15) -- 171i (:1,14) -· 177 {;P--- 1iR lfi,1iiJ -- 17\l (:1,12) 
!Ill (3,7)- lllli (:l,lil- lllO 14,t:lJ- 1\12 (1,2l -- 1\Jii l:l,!l) 
1\Jil (5,1:l) -- 201 (4,15l- 204 13,10)- 21\l (l,i>) -- 221 (2,13) 
22a ca,to- 224 110,1:n --225 cll,1fi>- 2:12 <14,15>- 2:1:1 05) 
2:14 (:J,5) - 235 (12,15l -- 2:17 (7,1iil ---- 2:11l (1.11) ·- 2:1!l (!1,1:1) 
241 12,:1J- 242 (1,n>-- 24:1 111,t:n- 24!1 IR,1iiJ- 2ii:J 11,10) 

On remarquera epic lc no111hre T prcncl 121 vnll'tff'S possihlt's 

( 1 + Cio + C,~) el CJlt'Oil Utilise llfl JlOillhf'l• de ll chifTres pour 
l'ccrire. Le code utilise un chi!Tre de test de plus qu'il n'est 
thcoriquement indispensahle, mais it n'est pas stir qu'on puisse 
conslruire des eodes n'nyanl qu'un nomhn• ell' ehin'res de test 
strictement (,gal it l'enlier par exrios c!P Log" H. 








































